We investigate the Casimir forces between high-Tc superconductors as function of the distance and temperature, focusing on optimally-doped YBa2Cu3O6.95. We consider formerly studied configurations in normal metals lying in the short-distance (50 nm -600 nm), and long-distance (600 nm -10 microns) regimes. The dielectric properties of the material are described in terms of weaklyinteracting, short-correlated conducting pairs transported along quasi-2D layers. In the short-range regime, a continuous behavior of the Casimir forces arises, with no significant discontinuity at the transition temperature. This behavior also follows in the equivalent the normal conductor configuration. In the long-range regime, the forces show an abrupt increment at the critical temperature. Simultaneously, the Casimir entropy and the specific heat develop a strong discontinuous behavior, characteristic of the SC-normal phase transition. In every situation, the entropy vanishes at extremely low temperatures.
Introduction. Casimir forces are induced by the distortion of the spectrum of quantum and thermal fluctuations of the electromagnetic field in presence of material bodies. The original theory proposed by Casimir in 1948 [1] predicts that two parallel perfectly-conducting surfaces separated by a distance d will be subject to an attractive force per unit area F C = − c/240d 4 . Based on the fluctuation-dissipation mechanism, in 1956 Lifshitz put forth a more realistic approach that takes into account the dielectric properties of materials [2] . In the last twenty years numerous experiments [3] [4] [5] [6] [7] [8] [9] [10] have been performed on measuring the Casimir forces in a wide diversity of experimental setups [11] [12] [13] [14] . In these experiments, the observed data are compared with theoretical predictions arising from Lifshitz theory, which requires the knowledge of the optical response of materials in a broad frequency range. Unexpectedly, the low-frequency behavior of the complex permittivity has prompted an intense theoretical debate related with the consistency of Lifshitz theory with Nernst's principle (the third law of thermodynamics) [15] [16] [17] [18] [19] [20] . In the low-frequency regime, the optical response of materials with dispersive and absorbing properties is typically described by means of the complex Drude dielctric function, where the dissipative transport of conduction electrons is accounted for by a relaxation rate γ 0 . For metals where the charge carriers constitute a tenuous electronic plasma, damping is negligible (γ 0 → 0) and the Drude model is well approximated by the plasma dielectric function.
In principle, the inclusion of dissipative contributions in the permittivity should be a necessary condition to achieve formal congruence with the fluctuationdissipation relation. Furthermore, the consideration of this mechanism is essential to describe quantum properties of absorbing media, such as the preservation of commutation relations inherent to quantum atomic radiators constituting a given material [21] . A number of * scaballero@fisica.unam.mx measurements of Casimir forces in metals at room temperature and involving relatively small body separations (50 -600 nm) have been performed with better predictions based on the plasma rather than the Drude model, but the relative difference between either model predictions is tiny. Up to date, a few experiments carried out at large separations (600 nm -8 µm) show better agreement with theoretical predictions including electronic relaxation [22, 23] . The origin of this discrepancy is the influence of thermal electromagnetic fluctuations, which at micrometers predominate over zero-point fluctuations, so that k B T ω c , ω c = c/2d, and c is the speed of light. The thermodynamic aspects of the Casimir effect have motivated investigations on the detailed temperature dependence of the force [18, [24] [25] [26] . Measurements of the Casimir force between Au surfaces at 300, 77, 4.2, and 2.1 K [27] show that while low-temperature results are noisier than room temperature ones, the average of the measurements coincides at all temperatures. This suggests that thermal fluctuations play a negligible role in these experiments. Therefore, this precludes a direct exclusion of either model Drude or plasma. Similar conclusions are derived from measurements of the normalized gradient of the Casimir force at 77 K with liquid nitrogen [10] . In this context, superconducting (SC) materials have been suggested as an ideal scenario to study this problem. Theoretical studies based on standard BCS superconductors such as Ni, Al, or NbTiN, with a transition temperature T c ≈ 1 − 10 K have been made [28, 29] . Nevertheless, the predicted effects associated to the SC transition are inconclusive with current experimental techniques. This agrees with recent experiments probing the variation of the Casimir force between two closely spaced thin Al films at T c , observing a null result [30] .
In this work we study the Casimir forces between highTc superconductors (HTSCs) where vacuum and thermal fluctuations can be comparable in some regimes. We focus on the optimally-doped ceramics YBa in experimentally feasible setups. We considered two alternative configurations associated to short-and longrange regimes. They both include a planar surface separated by a distance d from a spherical surface with curvature radius R, covered both by an YBCO film. In the short-range regime, the setup involves a sphere with R = 95µm, while the long-range it involves a spherical lens with R = 15 cm. Surprisingly, we find that at long distances it is possible to observe the effects related to superconductivity clearly. In order to compare with results expected from ordinary non-SC materials, we also contemplated an artificial material with the same optical properties as YBCO, except that γ 0 remains finite even at T < T c . In the following, this material is denoted as ordinary conductor.
Model: Lifshitz formulation. The Casimir force between a slab and a spherical surface of curvature radius R may be evaluated by means of the Derjaguin approximation [21] , valid in the limit R d:
is the free energy per unit area between two parallel surfaces. In the reflection coefficients formulation of Lifshitz theory [32, 33] , the expression for free energy density at finite temperature is obtained by considering the Matsubara formalism with discrete imaginary frequencies ω n = 2πink B T / , and integer n:
where the prime in the n-summation means that the n = 0 term must be halved. Here, k ⊥ is the wave vector component parallel to the plates, κ j = k 2 ⊥ + j ω 2 n /c 2 , α the field polarization, and r α [ j (iω n )] the electromagnetic reflection coefficients. The subindex in the dielectric function j refers to the medium between the plates (j = 0) and the plates themselves (j = 1). The reflection coefficients for s and p polarizations are given by r
The results provided by Lifshitz theory must be yet corrected by the existence of roughness in the surfaces involved in an experiment. This can be simply modeled by assuming a stochastic variation in the surface separation with a root mean squared amplitude A rms . A Taylor expansion then yields
Effective model for HTSCs. The optical properties of HTSCs have been experimentally investigated for different compounds at several temperatures and frequencies using reflectivity and impedance-type measurements [34] [35] [36] . In the case of YBCO, the measured optical response has been represented in terms of a dielectric function ε(ω) with parameters estimated in the normal and SC regimes at T = 100K, and T = 2K, respectively. This description is in agreement with the London's two-fluid model of superconductivity [37] , which assumes that the number density of charge carriers n may be divided into normal n n (T ), and superfluid n s (T ) fractions, such that n = n n (T ) + n s (T ). This allows the introduction of corresponding plasma frequencies ω pn (T ) ∼ n n (T ) 1/2 and ω ps (T ) ∼ n s (T ) 1/2 (or the associated magnetic penetration depth λ p (T ) = c/ω ps (T )). The former considerations are integrated into a dielectric function including intra-band, Drude, mid-infrared, and optical phonon contributions. In the normal state, these are given by:
Here, ε ∞ = 3.8, ω pn (100K) = 0.75 eV, and the electronic relaxation γ 0 = 0.037 eV. The parameters ω i , γ i , and S i denote the characteristic frequencies, relaxation rates, and oscillator strengths of the rest of contributions mentioned above, and they are presented as Supplemental Material. In the following we assume that in normal state, but close to T c , the plasma frequency has the fixed value ω pn (100 K) ≡ ω pn . In the SC state, dissipative scattering does not occur (γ 0 → 0) and the Drude contribution collapses to a delta function at the origin:
As before, the parameter ε ∞ = 3.8, while ω ps (2K) = 0.75 eV. The rest of parameters is also found as Supplemental Material. In order to establish an explicit expression for ω ps (T ), we assume that, even if the pairing mechanism in HTSCs is uncertain, their charge transport properties may be described in terms of a 2D gas of weakly-interacting fermion pairs that condense at T c . The 2D character reflects the fact that HTSCs comprise layered crystallographic structures in which charge transport occurs along copper planes (CuO 2 ) [38] . The rest of the premise relies on the observation that, except for very weak coupling, fermion pairs form and condense at different temperatures [39] . In BCS superconductors, the weak interaction leads to simultaneous pair formation and superfluid behavior at T c . In contrast, in HTSCs the strong fermionic interactions induce short-correlated pairs (ξ 0 ∼ 1 nm) with no phase coherence already at temperatures T * > T > T c , conforming a pseudogap (PG) phase that precedes the onset of superfluidity at T < T c . It is now established [39, 40] , that BCS pairs and PG pairs are two limiting cases in the BCS-BEC crossover. This crossover, smoothly connects the pairing in momentum space (BCS limit), with pairing in position space (BEC limit), being a hallmark of the latter the emergence of localized pairs approximately satisfying Bose statistics. These compound particles define a very dilute gas in YBCO, as the ratio κ = λ p (0)/ξ(0) ≈ 95, so the mean interparticle distance Dashed curves correspond to a normal conductor, while dotted curves correspond, as before, to the high-temperature limit.
largely exceeds the pair size. On these grounds, the dynamics of HTSCs charge carriers may be accounted by means of a weakly-interacting Bose gas embracing elementary excitations with a Bogoliubov spectrum E(p) = p 2 c 2 s + (p 2 /2m) 2 1/2 (with c s the sound speed); in the low-momentum limit, this yields a phonon spectrum, E(p) → c s p. It is straightforward to show that a 2D gas with a linear spectrum satisfies [41] :
This relation gives an accurate representation of experimental measurements of the penetration length λ p (T ) in the CuO 2 plane for a wide range of dopings of YBa 2 Cu 3 O 6+x samples [39, 42] , as well as of the dependence of the transition temperature on doping [41, 43] . In conjunction with Eqs. (1)- (3), this expression provides a closed framework for the evaluation of the Casimir forces in HTSCs.
Results and discussion. The calculated Casimir forces involve qualitatively distinct features in the short-and long-range configurations, as may be observed in the figure panel (1) . There, we present surfaces representing the force magnitude, F C (d, T ), as well as surface cuts, F (T ), for fixed d. In the short-range regime depicted in Fig. (1.a) ), F C (d, T ) displays the expected continuous behavior as function of d in almost the whole distance and temperature ranges, except for a barely discernible discontinuity at T = T c at relatively large distances d ∼ 1µm. This behavior is congruent with previous experimental and theoretical studies for setups involving normal conductors as well as BCS superconductors. Fig. (1.b) shows that for T /T c larger than an order of magnitude, the force decreases linearly with temperature, accordingly with the expected high-temperature behavior
At smaller temperatures F C (T ) develops a shallow minimum, and for temperatures T < T c the force acquires a constant value. In the long-range regime (Figs. (1.c) and (1.d) ), F C (d, T ) also displays a continuous behavior as function of d. Surprisingly, the temperature dependence exhibits a marked discontinuity at T = T c , with increasing magnitude for the largest separations, being the maximum increment at T < T c about 70 % of its value at T ≥ T c . Evidently, this is correlated with the SC transition, and as we will see below, the fact that the field fluctuations and the pairs have to balance their fluctuations. On the other hand, for temperatures T T c the force shows a constant behavior, as also observed in the short-range configuration. In the case of a normal conductor, the Casimir forces show a continuous behavior paralleling that arising in the short-range regime of HTSCs. However, this behavior is apparent now in either the short-and long-range regimes.
Figure (2) depicts the behavior of the Casimir entropy S C /k B = −∂F /∂T for both a HTSC and a standard conductor. The entropy develops a strong negative divergence in the neighborhood of T c , signaling the SCNormal phase transition. On the other hand, S C acquires constant values for T > T c , as well as T T c . Clearly, S C → 0 as T → 0 in either case. The vanishing of the entropy is a necessary consequence of the constant value attained the free Casimir energy in this limit, which is in turn proportional to the Casimir force in the Derjaguin approximation. The specific heat coeffi-
shows a concomitant sharp increase at T c , relaxing steadily to a null value for T < T c . Remarkably, this behavior is very similar to that observed in experimental determinations of the specific heat in YBCO [37, 39] , associated in that case to conducting pair excitations. Indeed, this would be a result of the existence of thermodynamic equilibrium between the SC material and electromagnetic field fluctuations. Thus, the field inherits the properties of the fermionic pairs. On the other hand, in the case of standard conductors, the Casimir entropy has a very similar behavior as that predicted for Cu samples in Ref. [25] . It displays a constant value for T > T c , steadily decreasing to a minimum negative value for T < T c , and finally vanishing for extremely low temperatures even in presence of dissipative effects in the optical response of these materials. Similarly, the predicted behavior of the Casimir forces is congruent with that reported in Ref. [18] by means of a Drude model for the dielectric response of Au and Al. Thus, consistency with the Nernst principle is achieved in every studied system in this work.
We conclude that measurements of the Casimir force in YBCO performed in a long-range setup should display a discernible discontinuity at the transition temperature T = 93 K. Moreover, the interplay between the fluctuations in the pairs and the field could be investigated in this regime. These studies would be feasible according to experimental reports presented in Refs. [10, 27] . Our calculations show that the associated entropy in the limit of low temperatures should vanish in all considered cases, consistently with the theoretical results obtained for normal conductors with dissipative charge transport. However, the extremely low values of the temperatures involved seem unreachable by using current experimental techniques to verify the entropy behaviour. 
